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Quantum metric for null separated events and spacetime atoms
Alessandro Pesci
INFN Bologna, Via Irnerio 46, I-40126 Bologna, Italy
Recently, a proposal has been made to figure out the expected discrete nature of spacetime at the
smallest scales in terms of atoms of spacetime, capturing their effects through a scalar ρ, related to
their density, function of the point P and vector va at P . This has been done in the Euclideanized
space one obtains through analytic continuation from Lorentzian sector at P . ρ has been defined
in terms of a peculiar ‘effective’ metric qab, of quantum origin, introduced for spacelike/timelike
separated events. This metric stems from requiring that qab coincides with gab at large (space/time)
distances, but gives finite distance in the coincidence limit, and implements directly this way one
single, very basic aspect associated to any quantum description of spacetime: length quantization.
Since the latter appears a quite common feature in the available quantum descriptions of gravity,
this quantum metric qab can be suspected to have a rather general scope and to be re-derivable (and
cross-checkable) in various specific quantum models of gravity, even markedly different one from the
other.
This work reports on an attempt to introduce a definition of ρ not through the Euclidean but
directly in the Lorentz sector. This turns out to be not a so trivial task, essentially because of
the null case, meaning when va is null, as in this case it seems we lack even a concept of qab. A
notion for the quantum metric qab for null separated events is then proposed and an expression for
it is derived. From it, a formula for ρ is deduced, which turns out to coincide with what obtained
through analytic continuation. This virtually completes the task of having quantum expressions
of any kind of spacetime intervals, with, moreover, ρ defined directly in terms of them (not in the
Euclideanized space).
PACS numbers:
I. STAYING IN THE LORENTZ SECTOR
In the context of the attempts to provide a quantum theory of gravity or to describe spacetime quantum-
mechanically, some works [1–3] have lately proved it quite useful to introduce a peculiar sort of effective or quantum
metric qab, also called qmetric, which acts to some extent as a metric at the same time allowing for the existence of a
finite limiting distance L between two events in their coincidence limit. It implements this way intrinsic discreteness
of spacetime, still not abandoning the benefits, for calculus, associated to a continuous description of spacetime. One
point of merit of this qmetric approach appears to be its genericity. Indeed, the quantum description it offers, does not
come from a specific quantum theory of gravity but arises instead straight from simply requiring length quantization,
a feature, this, one is likely to find in most specific models, and which has as such the status of quite a generic
expectation when quantizing gravity. In Loop Quantum Gravity (LQG) [4–6] for example, quantization goes through
the discretization of the classical theory (general relativity) and the introduction of a quantum theory associated to
this discretization. We do get length quantization in it; this however not directly, but as a consequence of the general
quantization procedure just mentioned. What we can say is that, concerning length quantization effects, it seems
in principle we can compare what predicted by LQG and by the qmetric, with the predictions of the latter coming
from length quantization without any specific theory associated with, and those of the former coming instead from
the quantum framework provided by the specific theory. This means that the results one can obtain with the qmetric
approach, could have wide range applicability within the various specific quantum gravity models, no matter how
much they may differ one from the other in their starting assumptions and perspective (for example, whether the
quantum theory of gravity has to come from the quantization of the classical theory of gravity or hinges instead on
some, as yet unknown/untested, physics at Planck scale) and should be in principle recoverable in any one of them
(and results in this sense have been reported in [7, 8]).
One result one gets thanks to the quantum metric qab is the possibility to provide a notion of degrees of freedom or
of number of (quantum) states of spacetime at a point [9–12], fact which paves the way to a statistical description of
field equations, and then to express the basic tenets of gravity using as proper language thermodynamics (as opposed
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2to geometry) [9]. This endows a previous statistical derivation of field equations [13, 14] and the notion of horizon
microscopic degrees of freedom [15, 16] as well as recent results connecting so-called black hole chemistry [17, 18]
with horizon degrees of freedom [19], all arising from macroscopic spacetime thermodynamics, with a microscopic
mechanism seemingly able to directly justify these degrees of freedom. Key to the notion of degrees of freedom or of
number of states of quantum spacetime is a quantity, denoted here ρ, defined in terms of (D − 1)-dimensional areas
(spacetime is assumed D-dimensional) of hypersurfaces formed by points at assigned distance from some point P in
the space coming from Euclideanisation of original spacetime around P . The basic feature about it is that, according
to the effective metric, these (D − 1)-areas remain finite in the coincidence limit of the hypersurfaces shrinking to P
[9] (and clearly, one would expect some analogous results do hold true in Lorentzian sector).
This of Euclideanisation might be a point of merit, providing insight perhaps into what the structure of the metric
might be at the smallest scales. The procedure usually taken to go from a Lorentz signature to a Euclidean signature,
the Wick rotation to imaginary time, even if well-established in flat spacetime, is however not free from ambiguities
in general curved spacetime [20]. Based on a consistent prescription for this [20] (coming from reconsidering the Wick
rotation as an analytic continuation of the metric), results concerning the curvature tensors, when migrating from
Lorentzian to Euclidean signature spacetimes, have been presented [21], showing it is worth pursuing in this vein in
a qmetric context.
On the other hand, it is not so clear which is the role of Euclidean manifolds at a fundamental level, meaning
if at the smallest scale the reference manifold is really to be considered Euclidean instead of Lorentzian. There
is, after all, no physical proof supporting a non-Lorentzian signature for spacetime. And the context in which a
dynamical signature change is foreseen –from a fundamental Euclidean signature to the Lorentzian signature we see
in the universe–, along the lines e.g. of [22, 23], has been pointed out to entail difficulties whose origin can be traced
back to how, or how strongly, quantum field theory reacts to changes of signature in the underlying manifold (effects
like production of infinite number of particles with infinite energy) [24]. Sound arguments have been also reported,
based on the consideration of saddle-point approximation methods, showing that quantum gravity amplitudes should
be defined first in terms of Lorentzian path integrals [25]. Likewise, from Wick rotation as analytic continuation of
the metric, the suggestion has been given that the functional integral should be computed not over all Euclidean
manifolds but only over those compatible with a Lorentz structure [20]. In causal dynamical triangulation, evidence
has been reported indeed that one gains control on the functional integration if the sum is not taken over all Euclidean
geometries, but is restricted instead only to those which are associated with Lorentzian causal geometries [26].
In view of all this, one would then know if the qmetric approach could allow to pick up quantum degrees of freedom
even never abandoning the Lorentz sector. The aim of present study is precisely to develop a concept of ρ in the
Lorentz sector directly, i.e. with no reliance on Euclideanised space. A partial result in this direction has been already
presented in [27]. There, a notion of ρ for timelike geodesics has been introduced and its expression has been derived
(and the case of spacelike geodesics goes along similar lines). What is left is the consideration of null geodesics and
this is the case we try to study here. As we will see, this involves the introduction of a notion of quantum metric qab
for null separated events, this way completing a quantum formulation of spacetime intervals.
II. ρ FOR TIMELIKE/SPACELIKE GEODESICS
Let us start by recalling what we can do with timelike/spacelike geodesics. We briefly rephrase what is reported in
[27] for timelike case, using here a notation which encompasses both the timelike and the spacelike case at one stroke.
We consider timelike/spacelike geodesics through a generic point P in spacetime, and introduce the two hypersurfaces
Σǫ(P, l), ǫ = +1 for spacelike geodesics and ǫ = −1 for timelike ones, of all points p at assigned squared distance from
P :
Σǫ(P, l) =
{
p : ǫσ2(p, P ) = l2
}
,
where σ2(p, P ) is the squared geodesic distance between P and p (σ2(p, P ) = 2Ω(p, P ), with Ω(p, P ) the Synge world
function [28]), and l =
√
l2 non-negative.
Proceeding analogously to the Euclidean definition, ρ is given in terms of generic/flat ratio of element of areas
on Σǫ(P, l), as measured according to the effective metric, in the limit l → 0. For each assigned normalised vector
na at P (nana = ǫ), we consider the intersection point p between the geodesic µ(n
a) with tangent at P ta(P ) = na
and the hypersurface Σǫ(P, l). Calling y
i, i = 1, ..., D − 1 coordinates on Σǫ(P, l) such that yi(p) = 0, we consider a
segment I of hypersurface Σǫ(P, l) around p, defined as I = {dyi}, where dyi are thought as fixed when l is varied.
The (D − 1)-dimensional area of I is
3dD−1V (p) =
√
−ǫh(p) dD−1y,
where hij are the components of the metric on Σǫ(P, l) in the coordinates y
i, metric which coincides with that induced
by spacetime metric gab. What we have to consider is the area [d
D−1V ]q of I as measured through the effective metric
qab.
The effective metric is described [1, 3] in terms of the bitensor qab(p, P ) which stems from requiring the squared
geodesic distance σ2 gets modified into σ2 → [σ2]q = SL(σ2) with (R1) S0 = σ2, (R2) SL(0±) = ±L2, and (R3)
the kernel G(σ2) of the d’Alembertian gets modified into G(σ2) → [G]q(σ2) = G(SL) in all maximally symmetric
spacetimes. These requirements give, for spacelike or timelike geodesics, the expression
qab(p, P ) = A(σ
2)gab(p) + ǫ
( 1
α(σ2)
−A(σ2)
)
ta(p)tb(p), (1)
where ta is the normalized tangent vector (gabt
atb = ǫ), not going to change its timelike or spacelike character when
in the qmetric,
A =
SL
σ2
( ∆
∆S
) 2
D−1
, (2)
α =
SL
σ2(S′L)
2
(3)
(′ indicates differentiation with respect to the argument σ2), where
∆(p, P ) = − 1√
g(p)g(P )
det
[
−∇(p)a ∇(P )b
1
2
σ2(p, P )
]
(4)
is the van Vleck determinant ([29–32]; see [33–35]) which is a biscalar, and the biscalar ∆S(p, P ) is ∆S(p, P ) =
∆(p˜, P ), where p˜ is that point on the geodesic through P and p (on the same side of p with respect to P ) which has
σ2(p˜, P ) = SL(p, P ). α is determined by the request that the formula for squared geodesic distance
gab∂aσ
2∂bσ
2 = 4σ2 (5)
(Hamilton-Jacobi equation) gets transformed into qab∂aSL∂bSL = 4SL; A by the request R3.
From the effective metric [hab]q(p, P ) induced by qab(p, P ) at p on Σǫ(P, l), we get the effective-metric (D − 1)-
dimensional area of I as
[dD−1V ]q(p, P ) =
[√
−ǫh
]
q
(p, P ) dD−1y.
As in the Euclidean approach, ρ can then be defined as the ratio of effective-metric (D− 1)-dimensional area of I for
the actual metric configuration, [dD−1V ]q(g)(p, P ), to what we would have were spacetime flat, [d
D−1V ]q(η)(p, P ) (ηab
is Minkowski metric), in the limit p→ P along µ(na), i.e.
ρ(P, na) =
(
lim
p→P
[dD−1V ]q(g)(p, P )
[dD−1V ]q(η)(p, P )
)
µ(na)
. (6)
ρ is then derived in terms of the quantities A and α defining the effective metric. The effective metric [hab]q
induced by qab turns out to be
[hab]q(p, P ) = A(σ
2)hab(p)
[36], which implies
4[√
−ǫh
]
q
(p, P ) = A(σ2)
D−1
2
√
−ǫh(p),
and then
[dD−1V ]q(p, P ) = A(σ
2)
D−1
2 dD−1V (p),
where dD−1V (p) indicates the proper area of I according to the ordinary metric. Here we see that only A, and not
α, is actually involved in the determination of ρ.
Introducing on Σǫ, in a neighbourhood of p, mutually orthogonal coordinates z
i such that, chosen any one of
them, z i¯, it can be written in the form z i¯ = lη with the parameter η such that ldη is proper distance or proper-time
difference, and chosing as I the (hyper)cube dzi defined by dzi = ldη, ∀i, we obtain
[dD−1V ]q(p, P ) = A(σ
2)
D−1
2 lD−1
(
1 +O(l2))(dη)D−1
where the O(l2) term represents the effects of curvature (and is thus of course absent in flat case), and clearly l =
√
ǫσ2.
Using the expression (2) for A, we get
[dD−1V ]q(p, P ) = [ǫSL]
D−1
2
∆(p, P )
∆S(p, P )
(
1 +O(l2))(dη)D−1
and, in the limit p→ P along µ(na),
lim
l→0
[dD−1V ]q(p, P ) = L
D−1 1
∆L(P, na)
(dη)D−1,
with ∆L(P, n
a) = ∆(p¯, P ), where p¯ is that point on geodesic µ(na) (on the side in the direction na) which has l = L.
This shows that both the numerator and the denominator in expression (6) remain non vanishing in the coincidence
limit p→ P , exactly as it happens in Euclidean case. Since for flat spacetime ∆ = 1 identically and then also ∆L = 1,
we have finally
ρ(P, na) =
1
∆L(P, na)
, (7)
where the ∆L is that of generic metric gab. The scope of this exact expression for ρ clearly includes strictly Riemannian
manifolds (as that from Euclideanisation).
Expanding ∆(p, P ) in powers of l ([31]; [33–35]),
∆(p, P ) = 1 +
1
6
l2Rabt
atb + o
(
l2Rabt
atb
)
, (8)
(tata = ǫ) gives
∆L(P, n
a) = 1 +
1
6
L2Rab(P )n
anb + o
(
L2Rab(P )n
anb
)
, (9)
and
ρ(P, na) = 1− 1
6
L2Rab(P )n
anb + o
(
L2Rab(P )n
anb
)
. (10)
Again, this identically applies also to Riemannian manifolds (as that from Euclideanisation), and its form coincides
with the expansion obtained [9–12] defining ρ in the Euclideanised space.
5III. QMETRIC AND NULL GEODESICS
If we try to extend the scope of effective metric approach to include null geodesics, we have that expression (1)
becomes ill defined in this case since σ2 = 0 all along any null geodesic, and in principle we are then in trouble.
We notice however the following. Any affine parametrization λ of a null geodesic can be thought of as a measure
of distance along the geodesic performed by a canonical observer picked up at a certain point x of the geodesic and
parallel transported along the geodesic. Since, when going to the effective metric qab, the squared distance in the
coincidence limit is the finite value ǫL2 (request R2 above), we could expect the effect of the qmetric in the null case is
to induce a mapping of the parametrization λ to a new parametrization λ˜ = λ˜(λ), with λ˜→ L when λ(p, P )→ 0, i.e.
when p→ P . In analogy with the spacelike/timelike case, we can then think to give an expression for qab(p, P ) when
p is on a null geodesic from P in terms of two functions αγ = αγ(λ) and Aγ = Aγ(λ) defined on the geodesic, and
determined by a condition on the squared geodetic distance and on the d’Alembertian. In other words, this suggests
we assume that the effects of the existence of a limiting length are captured by an effective metric bitensor qab as
above, with its expression on a null geodesic stemming from requiring the affine parametrization λ gets modified into
λ → [λ]q = λ˜(λ) with (G1) λ˜ = λ if L = 0 (or λ˜ ≃ λ when λ → ∞), (G2) λ˜(0+) = L, and (G3) the kernel G(σ2)
gets modified into [G]q(σ
2) = G(SL) in all maximally symmetric spacetimes, i.e (G3) coincides with (R3) above on
null geodesics.
We see that dealing with the null case appears quite not so obvious, in that we are forced to rewrite for this case
from scratch the rules to go to the qmetric given a metric, in terms of an affine parameter λ defined on null geodesics
only, i.e. qab is defined strictly on null geodesics and knows nothing outside them. And this, morover, leads to the
tricky circumstances that the operators we look at when constraining the expression for qab (e.g. the d’Alembertian)
should be considered in a form which does not hinge on any knowledge, regarding the elements which enter the
definition of the operator itself (directional derivatives, vectors), of what happens outside the (D − 1)-dimensional
submanifold swept by all the null geodesics emanating from a point.
Let γ be a null geodesic through P , with affine parameter λ = λ(p, P ) with λ(P, P ) = 0, and null tangent vector
la = dx
a
dλ
, i.e. ∇a(σ2) = 2λla (see e.g. [35]). We introduce a canonical observer at P , with velocity V a, such that
laV
a = −1. By parallel transport of the observer along γ, this relation extends all along γ, with λ having the meaning
of a distance as measured by this observer. We affinely parametrize any other null geodesic γˆ which goes through P ,
and require lˆaV
a = −1. What we obtain this way, is a (D− 1)-dimensional congruence Γ of null geodesics emanating
from P which is affinely parametrized and has deviation vectors orthogonal to the geodesics. We introduce a second
null vector ma at P , defined by ma ≡ 2V a− la, parallelly transported along the geodesic. This gives maV a = −1 and
mal
a = −2 all along γ. The vector ma does depend on the observer we have chosen.
Let qab(p, P ), p on γ, be of the form
qab = Aγgab − 1
2
( 1
αγ
−Aγ
)
(lamb +malb). (11)
From qabqbc = δ
a
c , we get
qab =
1
Aγ
gab +
1
2
( 1
Aγ
− αγ
)
(lamb +malb), (12)
where la = gablb, m
a = gabmb. Notice that q
ablalb = 0, and the geodesic is null also according to the qmetric.
Our first task is to determine the form of αγ . To this aim, we use of the request that [l
a]q = dx
a/dλ˜ be parallelly
transported according to the qmetric. We need this, if λ˜ has to be interpreted as a (quantum) arc-length according
to a canonical observer. We have
[lb]q [∇b]q [lc]q = dλ
dλ˜
lb
(
∂b
(
dλ
dλ˜
1
αγ
lc
)
− [Γabc]q
dλ
dλ˜
1
αγ
la
)
, (13)
where [lc]q = qac[l
a]q =
dλ
dλ˜
1
αγ
lc. Here, from Γ
a
bc =
1
2g
ad(−∂dgbc + ∂cgbd + ∂bgdc), we have
[Γabc]q =
1
2
qad(−∂dqbc + ∂cqbd + ∂bqdc)
=
1
2
qad(−∇dqbc + 2∇(b q c)d) + Γabc
6(cf. [36]). Using of this, we get
[lb]q [∇b]q [lc]q = dλ
dλ˜
lc
d
dλ
(
dλ
dλ˜
1
αγ
)
− 1
2
(
dλ
dλ˜
)2
ldlb (−∇dqbc + 2∇(b q c)d)
=
dλ
dλ˜
lc
d
dλ
(
dλ
dλ˜
1
αγ
)
−
(
dλ
dλ˜
)2 ( 1
αγ
−Aγ
)
lb∇clb, (14)
where in the 1st equality we used of lb∇blc = 0 and of qadla = αγ ld, and, in the 2nd, of ldlb∇cqbd = 2
(
1
αγ
−Aγ
)
lb∇clb.
Here, ∇clb brings to consider variations of lb outside Γ. However, in whichever way might lb null be thougth to be
extended outside Γ, always it will hold true that ∇c(lblb) = 2lb∇clb = 0. We have then
[lb]q [∇b]q [lc]q = dλ
dλ˜
lc
d
dλ
(
dλ
dλ˜
1
αγ
)
. (15)
[lb]q [∇b]q [lc]q = 0 requires αγ = K dλdλ˜ , with K a constant. To determine K we use the following. When λ → ∞,
dλ/dλ˜→ 1 and we must have also qab → gab. This implies both limλ→∞ Aγ = 1 and K = 1. What we get is thus
αγ =
1
dλ˜/dλ
. (16)
As for the determination of Aγ , we have to refer to G3, i.e we consider the d’Alembertian in maximally symmetric
spaces at points on null geodesics. What we try first, is to find out some convenient expression for the d’Alembertian.
Due to maximal symmetry, we can think in terms of f = f(σ2) and write
✷f = ∇a∇af
= ∇a
(
∂aσ2
df
dσ2
)
=
(∇a∂aσ2) df
dσ2
+
(
∂aσ2
)
∂a
df
dσ2
=
(∇a∂aσ2) df
dσ2
+
(
∂aσ2
)(
∂aσ
2
) d2f
d(σ2)2
.
When going to null geodesic γ,
(
∂aσ2
)(
∂aσ
2
)→ (2λla)(2λla) = 0 and we get
✷f =
(∇a∂aσ2) df
dσ2
.
At a point p′ close to Γ but, possibly, not exactly on it, we can write (cf. [34])
∂aσ2|p′ = 2λ l
a
|p′ + 2ν m
a
|p′ , (17)
where λ and ν are curvilinear null coordinates of p′ (there is a unique point p on Γ from which p′ is reachable through
a null geodesic β with tangent ma at p; ν is the affine parameter of p′ along β, with ν(p) = 0), la|p′ and m
a
|p′ are l
a
and ma parallel transported along β from p to p′. This gives, on γ,
∇a∂aσ2 = 2
(
λ∇ala + la∂aλ+ma∂aν
)
= 2
(
λ∇ala + 2), (18)
and then
✷f =
(
4 + 2λ∇ala
) df
dσ2
=
(
4 + 2λ∇ili
) df
dσ2
, (19)
7i = 1, ..., D − 1 indices of components on Γ. Here, we emphasized the fact that, since the covariant derivative of la
along β is 0, ∇ala is completely defined within Γ and coincides with the expansion of Γ, ∇ala = ∇ili.
Going to the qmetric, the geodesic γ remains null, and we have
[✷f ]q =
(
4 + 2[λ∇ala]q
)[ df
dσ2
]
q
=
(
4 + 2[λ]q [∇ala]q
)d[f ]q
dSL
=
(
4 + 2λ˜ [∇ala]q
)( df
dσ2
)
|σ2=SL
. (20)
Here [la]q = dx
a/dλ˜ = (dλ/dλ˜) la, and f : σ2 7→ f(σ2) gets mapped by the qmetric into [f ]q : σ2 7→ SL 7→ f(SL) =
[f ]q(σ
2) which has
d[f ]q
dSL
= ( df
dσ2
)|σ2=SL . As for the divergence, we have [∇ala]q = [(∂a + Γbab)la]q. From
[Γbab]q =
1
2
qbc(−∇cqab + 2∇(a q b)c) + Γbab
=
1
2
qbc∇aqbc + Γbab,
we get
[∇ala]q = ∇a
(dλ
dλ˜
la
)
+
1
2
qbc(∇aqbc) dλ
dλ˜
la.
This expression openly shows that all differentials are indeed taken on Γ. Using formula (11) for qab, direct computation
gives
[∇ala]q = dλ
dλ˜
∇ili + d
dλ
(dλ
dλ˜
)
+
1
2
dλ
dλ˜
{
(D − 2) d
dλ
lnAγ − 2 d
dλ
lnαγ
}
=
dλ
dλ˜
∇ili + 1
2
(D − 2)dλ
dλ˜
d
dλ
lnAγ ,
where, in the 2nd equality, use of the expression (16) for αγ was made. Inserting this into equation (20), we get
[✷f ]q =
{
4 + 2λ˜
dλ
dλ˜
∇ili + λ˜ (D − 2)dλ
dλ˜
d
dλ
lnAγ
}( df
dσ2
)
|σ2=SL
. (21)
Now we are ready to implement condition G3. We require that, if G = G(σ2|p˜′), with σ
2
|p˜′ = SL, is solution to
✷G = 0 in p˜ at λ˜ on γ (p˜′ is in a (D-dim) neighbourhood of p˜; with σ2|p˜′/σ
2
|p′ → λ˜2/λ2 when p˜′ → p˜ and p′ → p, due
to continuity reasons), i.e. if ✷G|p˜ = 0, then [G]q(σ
2) ≡ G(SL(σ2)) be solution of [✷G]q = 0 in p at λ on γ, i.e.
4 + 2λ˜
dλ
dλ˜
∇ili + λ˜ (D − 2)dλ
dλ˜
d
dλ
lnAγ = 0 (22)
in p.
We proceed first to calculate ✷G|p˜. In p˜
′, we have
✷G|p˜′ =
(∇a∇aG)|p˜′
= ∇a
(
(∂aσ2|p˜′)
dG
dσ2|p˜′
)
=
(∇a∂aσ2|p˜′) dGdσ2|p˜′ +
(
∂aσ2|p˜′
)
∂a
dG
dσ2|p˜′
=
(∇a∂aσ2|p˜′) dGdσ2|p˜′ +
(
∂aσ2|p˜′
)(
∂aσ
2
|p˜′
) d
dσ2|p˜′
(
dG
dσ2|p˜′
)
. (23)
8When p˜′ → p˜ on γ, (∂aσ2|p˜′)(∂aσ2|p˜′)→ (2λ˜ la|p˜)(2λ˜ la|p˜) = 0 and thus what matters here is the first term. We have
∇a∂aσ2|p˜′ =
(∇a(2λ la + 2ν ma))|p˜′
= ∇a(2λ˜ la|p˜′ + 2ν˜ ma|p˜′), (24)
where we used of relation (17) and wrote λ˜ = 12 (t˜+ r˜), ν˜ =
1
2 (t˜− r˜). When going to γ, we get
(∇a∂aσ2)|p˜ = 2λ˜ (∇ala)|p˜ + 2la|p˜∇aλ˜+ 2ma|p˜∇aν˜
= 2λ˜ (∇ili)|p˜ + 4, (25)
for λ˜ is the affine parameter λ at p˜, and ma|p˜ = dx
a/dν˜. Thus, we have
✷G|p˜ =
(
2λ˜ (∇ili)|p˜ + 4
)
dG
dσ2|p˜
. (26)
✷G|p˜ = 0 then means
2λ˜ (∇ili)|p˜ + 4 = 0. (27)
Inserting this into (22), one obtains
−2λ˜ (∇ili)|p˜ + 2λ˜
dλ
dλ˜
∇ili + λ˜ (D − 2) dλ
dλ˜
d
dλ
lnAγ = 0,
which is
−2 dλ˜
dλ
(∇ili)|p˜ + 2∇ili + (D − 2)
d
dλ
lnAγ = 0. (28)
Thanks to the relation ([31, 32]; see [34, 35])
∇(p)a
[
∆(p, P )∇a(p)σ2(p, P )
]
= 2D ∆(p, P ) (29)
(valid for spacelike/timelike as well as null geodesics), which gives
∇a∂aσ2 = 2D + (∇a ln∆−1) ∂aσ2
with ∂aσ2 = 2λla on γ, using (18) the expansion of the congruence can be usefully expressed in terms of the van
Vleck determinant as (cf. [34])
∇ala = ∇ili = D − 2
λ
+
d
dλ
ln∆−1 (30)
and
(∇ala)|p˜ = (∇ili)|p˜ =
D − 2
λ˜
+
d
dλ˜
ln∆−1S , (31)
where ∆S is the van Vleck determinant evaluated at p˜.
Substituting this, equation (28) above becomes
9−2
(
dλ˜
dλ
D − 2
λ˜
+
d
dλ
ln∆−1S
)
+ 2
(
D − 2
λ
+
d
dλ
ln∆−1
)
+ (D − 2) d
dλ
lnAγ = 0,
or
−2 dλ˜
dλ
1
λ˜
− 2
D − 2
d
dλ
ln∆−1S +
2
λ
+
2
D − 2
d
dλ
ln∆−1 +
d
dλ
lnAγ = 0,
which is
d
dλ
ln
(
λ2
λ˜2
(∆S
∆
) 2
D−2
Aγ
)
= 0. (32)
Thus
Aγ = C
λ˜2
λ2
( ∆
∆S
) 2
D−2
,
where C is a constant. To determine C, we note that using this expression we get, in the λ → ∞ limit, Aγ → C.
Since, as we saw, qab → gab in the same limit implies Aγ → 1, we get C = 1. Our expression for Aγ is finally
Aγ =
λ˜2
λ2
( ∆
∆S
) 2
D−2
. (33)
In conclusion, what we have got in this Section is the expression (11) for the qmetric qab for null geodesics, with the
functions αγ and Aγ in it, defined on the null geodesics, required to have the expressions given by equations (16) and
(33). We notice that no dependence on the chosen canonical observer is present in αγ or Aγ . The expression (11) for
qab, however, does depend on the observer, through m
a.
IV. ρ FOR NULL GEODESICS (LORENTZ SECTOR)
Using the results of previous Section, let us proceed now to try to find out an expression for ρ for null geodesics. In
complete analogy with the timelike/spacelike case, this quantity can be defined, in the Lorentz sector, as (cf. equation
(6))
ρ(P, la) =
(
lim
p→P
[dD−1V ]q(g)(p, P )
[dD−1V ]q(η)(p, P )
)
γ(la)
. (34)
Here, γ(la) is a null geodesic through P , affinely parameterized through λ = λ(p, P ) with λ(P, P ) = 0, with tangent
vector ka = dxa/dλ along it which takes the value la at P , i.e. la = ka|P . The limit is taken for p approaching P
along γ(la). dD−1V is a (D − 1)-dim volume element of a null hypersurface Σγ through p, defined by Φ = const,
with −(∂aΦ)|p = (ka)|p. Apart from this condition on the gradient, the hypersurface Σγ is arbitrary. [dD−1V ]q is
the volume of that same element of hypersurface, according to the qmetric, with Σγ being null also according to the
qmetric (qabkakb = 0, as we saw before). The index q(g), or simply q, refers to a generic metric gab, while q(η) is for
the flat case.
dD−1V can be written as follows ([37, 38], e.g.). Using the vector ma as defined in the previous Section, we can
write the metric transverse to ka at p as
hab = gab +
1
2
(kamb +makb).
Introducing the coordinates (λ, θA) for Σγ , with the coordinates θ
A spanning the (D− 2)-dim space transverse to the
generators of Σγ , we have the induced metric on the (D − 2)−dim space is given by
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σAB = gabe
a
Ae
b
B
= habe
a
Ae
b
B
in terms of the vectors eaA =
(
∂xa
∂θA
)
λ
(eaA is orthogonal to both k
a and ma). The volume element can then be written
as
dD−1V =
√
σ dD−2θ dλ, (35)
with σ = det(σAB).
Going to the qmetric, ka = dxa/dλ gets mapped to [ka]q = dx
a/dλ˜ = (dλ/dλ˜)ka. Σγ is null also according to the
qmetric, and the metric transverse (according to qab) to [k
a]q is given by
[hab]q = qab +
1
2
(
[ka]q[mb]q + [ma]q[kb]q
)
,
with [ka]q = qab[k
a]q =
1
αγ
dλ
dλ˜
ka = ka, and [ma]q =
dλ˜
dλ
ma (to get q
ab[ka]q[mb]q = −2). Using the expression (11) for
qab, we get
[hab]q = Aγhab, (36)
and, from eaA =
(
∂xa
∂θA
)
λ
=
(
∂xa
∂θA
)
λ˜
= [eaA]q,
[σab]q = qab[e
a
A]q[e
b
B]q
= [hab]q[e
a
A]q[e
b
B]q
= [hab]qe
a
Ae
b
B
= Aγσab. (37)
The qmetric volume element is [dD−1V ]q = [
√
σ]q d
D−2θ dλ˜ = [dD−2A]q dλ˜ with [dD−2A]q = [
√
σ]q d
D−2θ the (D−2)-
dim area of the element of surface transverse to the generators according to the qmetric, and dD−2A = √σ dD−2θ
the area according to gab. By the way, this form of [d
D−1V ]q gives, from
[dD−1V ]q(g)
[dD−1V ]q(η)
=
[dD−2A]q(g)
[dD−2A]q(η)
, (38)
an equivalent manner, if one wants, to express ρ, as
ρ(P, la) =
(
lim
p→P
[dD−2A]q(g)(p, P )
[dD−2A]q(η)(p, P )
)
γ(la)
. (39)
From (37),
[dD−1V ]q = [
√
σ]q d
D−2θ dλ˜
= A
D−2
2
γ
√
σ dD−2θ dλ˜
= A
D−2
2
γ d
D−2A dλ˜. (40)
Using, on the (D− 2)-surface, orthogonal coordinates zA such that, chosen any one of them, zA¯, it can be put in the
form zA¯ = λχ, with χ such that λdχ is proper distance, we can write
[dD−1V ]q = A
D−2
2
γ λ
D−2 (1 +O(λ2)) (dχ)D−2dλ˜,
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where the O(λ2) term represents the effects of curvature and is absent in flat case. Substituting here the expression
(33) for Aγ , we get
[dD−1V ]q = λ˜
D−2 ∆
∆S
(1 +O(λ2)) (dχ)D−2dλ˜.
Taking the limit λ→ 0 we see that this quantity, as well as [dD−2A]q, do not vanish, going to the values
lim
λ→0
[dD−1V ]q = L
D−2 1
∆L(P, la)
(dχ)D−2dλ˜, (41)
and
lim
λ→0
[dD−2A]q = LD−2 1
∆L(P, la)
(dχ)D−2, (42)
with ∆L(P, l
a) = ∆(p¯, P ), where p¯ is that point on the null geodesic γ(la) which has λ(p¯, P ) = L. In the flat case,
∆ = 1 identically and then ∆L(P, l
a) = 1, as we said, and the expressions above reduces to limλ→0[d
D−1V ]q(η) =
LD−2 (dχ)D−2dλ˜ and limλ→0[d
D−2A]q(η) = LD−2 (dχ)D−2. Thus,
ρ(P, la) =
limλ→0[d
D−1V ]q(g)
limλ→0[dD−1V ]q(η)
=
1
∆L(P, la)
. (43)
We obtain then, in the null case, that same form we found in the timelike/spacelike case. Since la is assigned with
the null geodesic at start, we notice that, even if the qmetric qab does depend on the chosen observer (through m
a),
no dependence on the observer is left in ρ.
For timelike/spacelike geodesics, we gave an expansion of ∆(p, P ) in powers of l =
√
ǫσ2 (equation (8)). For
(affinely parameterized) null geodesics, ∆(p, P ) can be analogously expanded in powers of λ as ([31]; [33–35])
∆(p, P ) = 1 +
1
6
λ2Rab(P )l
alb + o(λ2Rab(P )l
alb). (44)
For la in a neighbourhood of 0, this definitely gives
∆L(P, l
a) = 1 +
1
6
L2Rab(P )l
alb + o(L2Rab(P )l
alb), (45)
and
ρ(P, la) = 1− 1
6
L2Rab(P )l
alb + o(L2Rab(P )l
alb). (46)
This expression for ρ is analogous to that reported above for timelike/spacelike geodesics (equation (10)), and coincides
with the expression which has been found through recourse to Euclidean sector [9–12].
V. CONCLUSIONS
Starting from the quantum metric qab put forward in [1–3] for timelike/spacelike intervals from the assumption of
existence of a lower limit length (along with some consistency conditions), we have introduced a notion of quantum
metric qab for null separated events, and found an expression for it in equation (11) (with (16) and (33)). This
expression, and the already existing expressions for timelike and spacelike geodesics [3], complete the task of providing
quantum expressions for any kind of spacetime intervals. This quantum metric comes from a single basic request,
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that of length quantization, not from a specific quantum theory of gravity. As such, it finds in principle wide range
applicability across any specific quantum model of gravity which foresees quantization of length, i.e. in practice several,
if not all, models. This means that in any such model these formulae might be reproducible and cross-checkable.
The formulae for qab for non-null intervals hint towards a statistical interpretation of spacetime [9], and this is
exploited in the introduction of a scalar function ρ(P, va) expressing the density of quantum states, at event P in
the direction va, associated with atoms we may think spacetime is made of [9–12]. Crucial to this, is the realization
that, according to the quantum metric qab as applied to the Euclidean sector, the cross-sectional area of an equi-
geodesic surface centered at P does not vanish but goes to a finite limit, when the surface shrinks classically to P ,
signalling this way (quantum) degrees of freedom for spacetime at P [9]. Here, we have used the formula for qab for
null separated events to derive an expression for ρ for va null, thus remaining entirely within the Lorentz sector, i.e.
without making use of Euclideanization (which is how ρ was originally introduced). Key to this, has been to find out
that, analogously to what happens in the Euclidean case, according to the null quantum metric the cross-sectional
area of a null equi-geodesic surface centered at P does not vanish but remain finite when the surface shrinks classically
to P . The formula we obtain for ρ turns out to coincide with the formula derived through Euclideanization. The
formula for null intervals, joined with the formulae for timelike/spacelike cases, provide a complete account of ρ based
on quantum spacetime intervals.
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